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tl3 , ten-dimensional effective action of the heterotic string. Two invariants, of which 

the bosonic parts are known from onedoop string amplitude calculations, are 
obtained. One of these invariants can be generalized to an R+F 2 +F Mnvariant 
for supersymmetric Yang-Mills theory coupled to supergravity. Supersymmetry 
requires the presence ofBAi?Ai?Ai?A i?-terms, (B A F A F A F A F for 
Yang-Mills) which correspond to counterterms in the Green-Schwarz anomaly 
cancellation. Within the context of our calculation the £(3)i? 4 -term from the 
tree-level string effective action does not allow supersymmetrization. 



Abstract 

We construct the supersymmetric completion of quartic R+R -actions in the 
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<5e/ = 


|er a w , 


Sipu = 


(0„ - \n^T ab ) e + e (fermi) 2 , 


SB^ = 


§\/2eIVVV] > 


5X = 


-lV2T»e$- 1 D^+ \T abc eH abc 


~H^> = 


-\\f2Z\. 



1 N — 1 supergravity in d = 10 and the inaction. 



The basic multiplet of N — 1 supergravity in ten spacetime dimensions consists 
of the tenbein field e^ , the dilaton field (f>, an antisymmetric tensor gauge field 
B^ and the Majorana-Weyl fermions i/v (gravitino) and A (dilatino) g. This 
multiplet transforms under local supersymmetry as followsn: 

(1) 

(2) 

(3) 

e (fermi) 2 , (4) 

(5) 

The derivatives T>^ are Lorentz covariant, supercovariant derivatives are de- 
noted by D M . In the variation of the gravitino field we encounter a torsionful 
spin connection defined by: 

n^f = W / fc (e,^)±§V2iV 6 . (6) 

Here, w A j ofc (e, - !/') is the usual spin connection with ^-torsion, i.e., the solution 
of -D[ A ,(o;)ei / i a = 0. The additional torsion is determined by the supercovariant 
field strength of the _B-field, H^ ab , given by: 

H^ p = d [ti B up] - l^Tvipp] , (7) 

which is invariant under gauge transformations 

5Bp y = dpK-d^. (8) 

Under local supersymmetry, uj ll ab and H transform as 

&V* 6 (e,tf) = \eT^ ab +\tT^^ + \y/2eY c ^H ab % (9) 

SH abc = -i^2eT [a ip bc] . (10) 

Here, ip ab denotes the gravitino curvature 

Vv = 2X> [M (n + )^] + (fermi) 3 . (11) 

The transformations (g) and (|l(j) can be combined to yield: 

sn^_ b = ier M ^ afc . (12) 



1 Note that r a i" a ™ = r' a ir a2 . . . r a "l. Throughout this paper we use the conventions of 
fl25|. In our calculations we will never consider terms quartic in fermions in the action, and, 
consequently, we may ignore terms quadratic in fermions in the transformation rules. 



The gravitino curvature ip ab itself has the following variation: 

S^ ab = -ir^eiV a6 (ft_) + e(fcrmi) 2 , (13) 

where i? /iy ab (il_) denotes the Riemann curvature tensor with spin connection 

The ten-dimensional action which is invariant under the transformations 
(0-i) is g iven by: 

- |^r^^(w(e))^ + 2y/2XF""D^u{e))it>v 
+ 4A#>(w(e))A + sV^^^VX^d^) 






f^i^M^ -1 ^ 



- 8Ar pCTT A] } + (fermi) 4 . (14) 

The equations of motion which follow from mm ) will play an important role in 
this paper. These equations, for the fields </>, e M a , A, ip^ and i? p „, respectively, 
read: 



$ = e^- 3 (|i?(o;)-9© a (w)(^- 1 5V) + f(0~ 1 9, 



\2 



+lH lluX H^ x ) , (15) 

f*„ = er 3 e^ b e\(R u \uj)-iV v {u){ ( j ) - 1 d b ( i ) ) + lH vXp H bX P') 

-|e"«*, (16) 
A = e(t>- 3 {8f){uj)X + V2T' u/ iP fil/ -12^- 1 p ( f>)X-V2T abc XH abc j(17) 

«V = e0- 3 (r>^ + 2\/2^(r! + )A) - i\/2r M A, (18) 

B^ = fa A ( e 0- 3 i7 A ^). (19) 

In this paper we frequently use identities which are implied by the fermionic 
equations of motion and the Bianchi identity 

2? [m HWa] = -\T ab ^R vX]ab (u;) (20) 

for the gravitino curvature. First of all, we use Jig ) to solve for the single 
T-contraction of the gravitino curvature 

rfyai = e"V 3 (*a + |%/2r a A)-2%/2I? a A. (21) 

From ( pi|) we obtain by contracting with a further T-matrix: 

r a V Qb = e- 1 ^ (2r a * Q + |V2 A) . (22) 



Combining ( |18| ) and (EOh one derives two additional identities involving the 
derivative of the gravitino field equation: 

lpi> ah = -2D [n (e-y* 6] ) + iV2r [a D 6] (e-V 3 A) 

-\T c T e ^ c R abef - ±V2T cd \R abcd + T c ^ [a R b]c , (23) 

V h i, ah = p(e- 1 ^ a )-lV2{T a p(e- l 4, 3 A)^V a (e- 1 cb 3 A)} 

-\T ef 4> h R abef + ±R ab (T bc ij c - i; b ) + \R^ a , (24) 

while (0) and (§|) give: 

Tp\ = -e-V 3 {iV2r a * a + A}. (25) 

In the identities ( pO[J25| ) we have not written contributions of H and <p~ 1 d(j). In 
the next section we will discuss why these are neglected in our calculations. 

In d = 10, JV = 1 supergravity the only matter multiplet is the Yang- 
Mills multiplet, which consists of the gauge field A^, and a Major ana- Weyl 
spinor \, both in the adjoint representation of an arbitrary gauge group. The 
transformation rules are 

<L4„ = ielVx, (26) 

S X = -ir^^(A)e + e(fermi) 2 . (27) 

The coupling of the Yang-Mills multiplet (A tll x) to ten-dimensional supergrav- 
ity H, 0] leads to a supersymmetric action of the form Cr + Cpi . This requires 
the inclusion of the Yang-Mills Chern-Simons term in the field strength (R) of 
the .B-field j|, and a corresponding modification of the B transformation rule. 
The cancellation of anomalies requires a further modification of H by the 
corresponding Lorentz Chern-Simons term [|4| . However, this mechanism breaks 
the local supersymmetry. The fact that the transformation rules (|lj) and ( |13|) 
of f^l 6 and the gravitino curvature ip ab have the same structure as those of the 
Yang-Mills multiplet {A^,x) (p6|), ( |27| ) simplifies the restoration of supersym- 
metry |2J] . By replacing in the action R + (3 tr F 2 , and in the corresponding 
transformation rules A^ by ft^, x by ?p ab , F^ y {A) by the corresponding cur- 
vature R fJjU ab (£l-), and the coupling (3 by an a priori independent coupling a, 
the tr F 2 Yang-Mills action can be immediately extended to a supersymmetric 
action of the form R + (3 tr F 2 + aR 2 . This requires a modification, proportional 
to a, of the supersymmetry transformation rule of the i3-field. Since (f2^" 6 , ip ab ) 
depend on B (see relations (g) and (|ll|)), the transformation rules of fi^" 6 and 
ip ab obtain order a terms, besides the order [3 terms already present due to the 
Yang-Mills coupling. This breaks the invariance of the R + /3tr F 2 + ai? 2 -action 
by terms which are of order a 2 and a/3. The best one can hope for in this 
explicit supersymmetrization of the Lorentz Chern-Simons term is an iterative 
invariance in the couplings a and (3. 



The iterative procedure outlined above was worked out for the cubic a 2 R 3 , 
aflRtrF 2 , and for the quartic a 3 R 4 , a 2 f3R 2 tr F 2 , a(3 2 (tr F 2 ) 2 contributions to 
the supersymmetric effective action. Bosonic cubic terms in the supersymmetric 
action are not required. Contributions from the variation of the quadratic and 
cubic action play a crucial role in the cancellations which lead to the final form 
of the quartic action J25J . Thus the quartic action obtained in |25J is directly 
linked to the inclusion of the Lorentz Chern-Simons form, and a priori unrelated 
to the quartic actions which we will construct in this paper, which do not include 
quadratic or cubic contributions. 



2 Introduction 

In recent years much work has been devoted to the study of the low-energy 
effective action of string theory. In the limit of low energy, string theory can be 
approximated by ordinary field theory, in which string effects should appear as 
higher derivative interaction terms. This effective action provides a useful tool 
to investigate the impact of string theory on particle physics. 

In this context, the heterotic string jl) is of particular interest. Its zero 
slope limit (the limit in which the inverse string tension, a', goes to zero) is 
given by ten-dimensional supergravity coupled to Yang-Mills [g, [| . Corrections 
to this zero slope limit, proportional to a', are required in d = 10, N = 1 
supergravity to achieve the cancellation of anomalies |4J. These corrections 
involve the introduction of the Lorentz Chern-Simons term, on the same foot- 
ing as the Yang-Mills Chern-Simons term required by supersymmetry in the 
Einstein- Yang-Mills supergravity theory g{ . 

One method of investigating the implications of string theory for particle 
physics involves the compactification of the effective field theory from ten to 
four dimensions jq]. The inclusion of the Lorentz Chern-Simons term makes 
it possible to obtain in this way phenomcnologically interesting models in four 
dimensions H. Supersymmetry in four dimensions, a remnant of the space-time 
supersymmetry of the heterotic string, is a common feature of most of these 
models. 

Much is known about the bosonic contributions to the ten-dimensional string 
effective action, £ c fi. In this paper we investigate the supersymmetric comple- 
tion of £ e g- We may characterize the different contributions to £ c ff by the 
power of the Riemann tensor in the i? n -terms which they contain: 

£ cff = £]£».. (28) 

a 

The main issue in this paper is the supersymmetrization of the R -terms in £ e ff ■ 
Partial results about this work were presented in M . 

Before discussing our results it is useful to present schematically what is 
known about the bosonic part of £ e ff- We use the results obtained by string 
amplitude methods. Here one calculates string ^-matrix elements for scatter- 
ing of massless particles, and then reconstructs a field theoretical action which 
reproduces these amplitudes. There are contributions from the tree-level (clas- 
sical) string theory, from one-loop string effects, etc. This action is expressed 
in terms of the physical fields of d = 10, N = 1 supergravity. The bosonic 
fields are the ten-bein field e M °, an antisymmetric tensor gauge field B^ (with 
field strength H^\), the dilaton field </>, and the Yang-Mills gauge field A^ (the 
fermions are introduced in Section 2, where we present some basic properties 
of ten-dimensional supergravity). The presence of the dilaton in this action 
is limited by global scale invariance pj. Our fields (except the dilaton) are 
scale-invariant, while <p transforms as <j) — > </>£, £ being the parameter of scale 



transformations. Scale invariance implies that <fi occurs only in the combination 
4>~ 1 d(j), or as an overall multiplicative factor in the Lagrangian. 

From the tree- level string calculation ||, [h], [ll], [l^, [lj| one obtains Cr: 

Cr ~ \cj>- 3 {R + H 2 + {cj>- l d<S>?}, (29) 

where k is the ten-dimensional gravitational coupling constant, of dimension 
[mass] -4 . Also from the string tree-level one obtains a quadratic actionQ 



a 



C R 2 ~ 0-3{—R2 + l 3trF 2 }. (30) 



and a quartic action^] 



£ Ri ~ a'^f^tf+^rFY + T^Cf 3 ) 1 . ( 31 ) 

where X is the term [O, |ll) : 

y_#i.../igtfi...i/ 8 n R R R (3?"l 

The tensor t is discussed in Section 3. The transcendental coefficient £(3) makes 
it impossible to relate the two contributions in Cr, by supersymmetry. 

At the one-loop level pi n6l UJl C e e obtains corrections to the quartic 
action: 

C Ri ~ a ' K 2 g 2 {{^R 2 + ptrF 2 ) 2 +(3 2 trF 4 } + ?-^X. (33) 

K K 

Note the absence of the factor 0~ 3 in the one-loop contributions. In fact, each 
string loop will give a factor (f> 3 g 2 . This can be understood in terms of a back- 
ground field sigma-model calculation from the coupling of the dilaton to the 
Euler character of the world sheet |lj| [l!J |2(| . 

Besides the above terms due to four-point scattering amplitudes there are 
also contributions from one-loop five-point amplitudes |2l| , [22| . These are of the 
form 

C R 4 ~ e>^-^°B lilli2 trF li3lii ...F m , (34) 

while similar terms with F replaced by R also appear. 

Other information about the quartic action comes from the counterterms in 
the d = 10 action which are required for anomaly cancellations Q. We would 

2 Here = l/(<?io) 2 , 9io the Yang-Mills coupling constant. The dimension of a' is [mass] -2 , 
of P [mass] 6 . The number of string loops is counted by the dimensionless coupling g 2 , which 
satisfies, for the heterotic string, the relation g = 2n(2a')~'' 2 . P is fixed by P = a 1 /(2k 2 ) 111. 

3 The absence of the cubic action C R 3 is understood from the vanishing of three-point string 
scattering amplitudes. 



expect these terms to be part of the string effective action. Indeed, terms of 
the form ( |34| ) are among the counterterms of M. It is then of interest to see, 
whether or not they are linked by supersymmetry to some of the terms already 
present in ( |3l| ) and (p3|). 

Let us now discuss the supersymmetrization of the effective action. The 
action Cr corresponds to the supersymmetric Einstein action of d — 10, N = 1 
supergravity g . The inclusion of the term (3 tr F 2 leads to the supersymmetric 
action of |3J . The field strength H then has to be extended with the Yang-Mills 
Chern-Simons term. The introduction of the Lorentz Chern-Simons term re- 
quires, by supersymmetry, the presence of the i? 2 -action. The supersymmetriza- 
tion of the i? 2 -action has been achieved by the Noether method |23|, gj, £5| and 
by superspace methods^ |p7[ |28| . In p5| an explicit supersymmetric action for 
the Lorentz Chern-Simons term, including terms quartic in R, was presented. 
In the absence of Yang-Mills couplings it is of the schematic form: 

£lcs = Cr + 4>^aR 2 + <?T 3 a 3 i? 4 + . . . . (35) 

Each term has the same power of cf>, and, consistent with string amplitude 
results, the n = 3 contribution is absent. Supersymmetry holds only iteratively 
in a, so that the supersymmetry transformation rules of a generic field V are 

SV = ^a n 5 n V. (36) 

Here 8qV are the transformation rules corresponding to the action Cr. This can 
easily be generalized to the case where Yang-Mills couplings are present. Again 
schematically, one should make everywhere the replacement aR 2 — > aR 2 + 
(3trF 2 . On identifying the a priori independent coupling a with a' / n one 
then obtains exactly the terms in the tree-level string amplitude result (p0, [H]) , 
except for the £(3)X-term. 

In this paper we address the problem of supersymmetrizing terms quartic in 
the Riemann tensor. These include the remaining tree-level term £(3)(p~ 3 X and 
the one-loop contributions ( p3[) . Since the supersymmetrization of the i? 2 -terms 
in jCeff is complete, this supersymmetric R -action should be of the form 

C = C R + 1 R i + ... , (37) 

with modifications to the supersymmetry transformation rules of [|2|, |3j propor- 
tional to 7. Here 7 is an additional parameter, of dimension [mass] 2 , a priori 
independent of a and (3. Relations between a, [3 and 7 will be required if quartic 
contributions to C and the string effective action C c g are to be identified, or 
if the cancellation of anomalies is imposed. Supersymmetry by itself will not 
relate a, (3 and 7. 

4 For a recent review of superspace methods in connection with the Lorentz Chern-Simons 
terms, see IE™. 



An obvious problem is already evident from the schematic form of the action 
given above. There are two contributions proportional to X, one with and one 
without the dilaton-dependent factor. One would expect that supersymmetry 
gives a unique value for the power of <j> which appears in front of X. The same 
problem arises for the terms with aR 2 + j3 tr F 2 . In that case one should realize 
however that in the tree-level quartic action this term is determined largely by 
the presence of R 2 in (^5|) , so that the tree- level and one-loop contributions to 
(aR 2 + (3 tr F 2 ) 2 do not appear on the same footing. 

A second indication that factors of <j> are important can be seen from (p4|). 
This term is invariant under gauge transformations of the -B-field only if the 
factor 4>~ 3 is absent. Therefore the presence of the parity- violating terms ( p4| ) 
requires the absence of the factor (j>~ 3 . 

As we shall show in this paper the supersymmetrization of any action of 
the form ( |37| ) requires eBR 4 terms, and therefore the absence of 0~ 3 . Thus 
we achieve the supersymmetrization of the one-loop contributions (p3) , but not 
that of the C(3)-term in @. 

Some results about the supersymmetrization of i? 4 -actions have been ob- 
tained in superspace |gjj |3(J, Q . However, the supersymmetrization of X ( p2[ ) 
in |2{| an d |3(| depends on an off-shell formulation of d = 10, N = 1 super- 
gravity, which has not yet been proven to exist. Also, it has not been worked 
out whether the proposed superspace invariant for X represents the tree level 
contribution ( plj ) or the one- loop term in (B3). On the basis of our work wc 
would have to conclude that this can only be the one-loop term. Since other 
i? 4 -terms besides X appear in £ e g, we prefer to search systematically for the 
most general supersymmetric invariant with the generic structure (p7|) . 

In this paper we use the component field Noether method. One starts with 
an Ansatz for the supersymmetric action that one wants to construct. The 
Ansatz should contain all possible terms, each with an unknown coefficient. 
Invariance under supersymmetry is then used to determine these coefficients. 
This method has the disadvantage of being algebraically complex. The Ansatz 
contains many terms, so working out the variations involves a large amount of 
work. However, this tedious task can and has all been done by a computer 
program for algebraic manipulations. Then the explicit nature of this method 
turns into an advantage. The resulting invariant can be compared in detail 
with the results from string amplitude calculations. Also, the explicit form of 
the modified transformation rules is obtained. The transformation rules of the 
fermions play a crucial role in the study of compactification to four dimensions 

The full calculation will be done for the gravitational sector only, i.e., without 
the Yang-Mills coupling. We shall see that our results can be generalized to the 
case were the Yang-Mills multiplet is present as well. 

This paper is organized as follows. In Section 2 we present some basic 
material on d = 10, N = 1 supergravity. We also briefly discuss results about 
the supersymmetric i? 2 -action. In Section 3 we construct the Ansatz (given 



explicitly in Appendix A) for the supersymmetric i? 4 -action. Of course, for 
practical reasons we have to limit ourselves to certain sectors of the complete 
action (for instance, we never include four-fermion terms). These limitations 
are also discussed in Section 3. In Section 4 we give a schematic overview of 
the calculation, and consider in some detail a particular sub-calculation which 
leads us to conclude that terms such as (f54|) must be present in the final result. 
The full result, and its generalization to the Yang-mills case, is then presented 
in Section 5 and Appendix B. Section 6 compares our results with the string 
amplitude calculations and discusses the relation with other work. 
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3 R 4 — Invariants and the Ansatz 



The supersymmetrization of i? 4 -action starts with the construction of an Ansatz, 
which should contain all terms that might be linked to the i? 4 -terms by super- 
symmetry. 

In order to make the supersymmetrization feasible one has to put restrictions 
on the terms which are included in the Ansatz, and, correspondingly, on the 
contributions to its supersymmetry variation. In this section we will discuss the 
structure of our Ansatz and the restrictions we have imposed. 

As we have already mentioned in Section 2, we will not consider terms in 
the action which are quartic in fcrmions. Hence, in the R -action only purely 
bosonic terms and terms quadratic in fermions will appear. Correspondingly, 
in the supersymmetry transformations of the bosonic fields only terms linear in 
fermions, in the transformations of the fermionic fields only the bosonic contri- 
butions have to be considered: 

£(boson) = e (fermion) , 
<5(fcrmion) = (boson) e . 

In the i? 4 -action we do not write terms which contain the equations of motion 
of the i?-action (|1J -|l5j). Such contributions can always be eliminated by a 
suitable redefinition of the corresponding field. As was outlined in [fLl], |l3| , the 
results obtained from scattering amplitude calculations are insensitive to such 
redefinitions of the fields. Thus, we do not have to include terms in the Ansatz 
containing a Ricci tensor or a curvature scalar. The same applies to terms 
containing a contracted derivative of the Riemann tensor, since 

X> M (w)iW) = 2V [x {uo)R p] a {u). (38) 



Similarly, fermionic terms containing the left-hand-side of (21-251) can be left 
out. 

The presence of the fields <f> and B pv in d — 10 supergravity complicates our 
calculations considerably. The occurrence of -B M „ itself is of course restricted by 
the requirement of gauge invariance (see (H)), but many contributions containing 
the field strength H are possible. One may attempt to restrict the contributions 
of H by requiring that H only occurs as torsion (p) , as seems to be indicated by 
string amplitude calculations. However, we prefer not to bias our calculations 
by introducing such input. Similarly, the appearance of (f> can be restricted by 
requiring global scale invariance, but 4>~ l d(j) may appear anywhere. 

We compromise by including in the action only terms independent of or linear 
in H and <f)~ l d<j). In the variation of the action we should then consider only 
those terms in which H and (f)~ 1 d4> are absent. From (Q) we see that this implies 
for instance that we never have to vary the field A, and that consequently there 
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is no need to include (A) 2 -terms in the action. Furthermore, we can restrict the 
terms containing H and (f)~ 1 d(j) to be purely bosonic. 

In the Ansatz we use the spin connection with "0-torsion, i.e., w M (e, ip), as 
the argument of the Riemann tensor, and parametrize the terms linear in H 
separately. In the -ff-dependent terms in the Ansatz we use the supercovariant 
field strength H, given in (J7]). 

Note that with the above restrictions, it is no longer guaranteed that our 
method will yield a useful result. It may well be, for instance, that the cancel- 
lation of variations containing H are required to fix the coefficients of the terms 
linear in H in the action uniquely. As the next sections will show, a large part 
of the supersymmetric action is determined, even though we do not consider the 
cancellation of all possible variations. More fundamentally, we must admit that 
our method does not strictly prove the existence of a supersymmetric invariant, 
since the procedure may still fail for variations which we do not consider. The 
results, and their relation with string amplitude calculations, give us confidence 
that our procedure could in principle be continued to the end without essential 
obstructions. 

The purpose of our present work is the supersymmetrization of R -actions, 
with in view the application to the effective action of heterotic string theory. As 
discussed in the Introduction, the bosonic part corresponding to tree level and 
one-loop contributions to string amplitudes are known. There, the following 
actions quartic in the Riemann tensor arise: 

X — t^ V P<J ' °'^t a b c defghRfj.u a R\p C RaT e Ra(3 9 , (39) 

Y x = t liuXp < TTal3 R^ ab R Xp ab R rJT cd R al3 cd : (40) 

Y 2 = t lu ' Xf " rTal3 R^ ab Rx p bc R lT r cd R a da ) (41) 

lef Rgh] 



Z — R\ab a Rcd C Ref e Rqhf ■ (42) 



The tensor t has the following structure when acting on commuting, antisym- 
metric tensorsHMj, i = 1, ..,4: 

t abcdefgh MfM^ d Ml f Ml h = -2{trMiM 2 trM 3 M 4 + trM 2 M 3 trM 4 Mi 

+ trMiM 3 trM 2 M 4 } 
+8{trAfiM 2 M 3 M 4 + trMiM 3 M 2 M 4 

+ trAfiM 3 M 4 M 2 }. (43) 

The action ( |39| ) was obtained from a calculation of the two-loop /3-function 
in a supersymmetric nonlinear sigma-model fl4|] and independently in string 
amplitude calculations |JT| . This action appears in the tree level string effective 
action with a characteristic coefficient C(3)- 

5 In string amplitude considerations (see e.g. [[13]) the indices of the t-tensor indicate the 
eight transverse directions in light-cone coordinates, and then t contains an additional eight- 
dimensional Levi-Civita symbol. Here we extend the range of the indices to all ten values. 
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The action Yi, which has the structure t-(tri? 2 ) 2 , was also found in tree- 
level string amplitude calculations?] Jl3[ . Note that Y% has a different trace 
structure t "(tri? ). Finally, (M3) is invariant under linearized supersymmetry 
transformations, since by the Bianchi identity of the Riemann tensor, 

V {il {u)R vp] ab {u) = 0, (44) 

the variation of Z is a total derivative for any variation of a;. If Z is reduced 
to eight dimensions it becomes a total derivative. This implies that it does 
not play a role in lightcone gauge string amplitude calculations. Therefore one 
has no a priori knowledge from string amplitude or sigma model calculations 
about its effects in a ten-dimensional supersymmetric invariant. The fact that 
in ten dimensions one should allow the inclusion of a Z-action was emphasized 

in mug. 

In the supersymmetrization of i? 4 -actions we look for invariants of the form 

C = i? + 7 i? 4 + 0( 7 2 ), (45) 

where R is the pure d = 10, N = 1 supergravity action ([L4j). Supersymmetry 
may hold iteratively in 7, so that the supergravity fields will need modifications 
of the supersymmetry transformation rules of 0(7) in order to achieve invariance 
of the action @ to 0(7). 

Our Ansatz in the search for the supersymmetric completion of R -actions 
is written in the form: 

Aot = 7 e^I]A. (46) 

i 

The sum is over the different structures that may occur in the action. We 
consider 15 different sectors, which are presented in Appendix A, four involving 
purely bosonic terms (C\ - £4), four sectors involving the gravitino field i/v an d 
its curvature ■0(2) (£5 ~~ £s) an d seven sectors containing the dilatino field A (£9 
- £15). We give a few comments on our Ansatz. 

We include an arbitrary power of the dilaton in front of the action (the fr- 
action also has such a structure, with -3 ). Note that by supersymmetry the 
power of 4> has to be independent of the index i labelling the different sectors, 
since the supersymmetry transformation rules (pHq) contain no explicit powers 
of0. 

The sector L\ (p3|) contains all possible contractions of four Riemann tensors. 
Therefore, the actions (pfl-JO) can be written as linear combinations of the terms 
given in (B3h. Using pair exchange and cyclic identities for the Riemann tensor, 



6 For comparison to tree- level string amplitude results we will use the very detailed result 
given in |13 1 
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and neglecting terms containing the Ricci tensor or curvature scalar, one findsjj 

X = 121,41-16^2 + 2,43-32^5 + 16^6 + 32^7}, 

Y 1 = -2A 1 + 16A 2 - 4A 3 + 8A 4 , 

Y 2 = -4A 2 + 2A 4 - I6A5 + 8A 6 + 16A 7 , 

Z = 7 ^{A 1 -16A 2 + 2A 3 + 16A 4 -32A 5 + 16A 6 -32A 7 }. (47) 

Note that the actions X, Y\ and Y 2 are related by 

X + 6Yi - 24F 2 = . (48) 

The sector £\ is the only one for which the variation of <j> in front of the action 
has to be evaluated. 

The £3 -sector consists of the following two terms: 

Ki — ■jp-ifVi-Hiaf) f> abn ab p cd p cd l aq\ 

XVI — *C t i -'A'lM2-'V3A t 4 Th fiSfJ>6 X *'M7A'8 ^^9^10 1 \^ U I 

rs ■— 1 /^i.../iio D p ab p ac p 6d p cd f^fl^ 

Xi2 — M5 t - D MlM2- n 'M3M4 -"-^6^6 ■ ft A'7M8 -"-MBMlO ' V OU / 

Both terms are clearly invariant under gauge transformations (0) of the _B-field 
because of the Bianchi identity JJ4|), Note that this gauge invariance requires 
the absence of the dilaton field in (ES) and (J50|), i.e., y = in (Eq). One-loop 
string amplitude calculations reveal that these if -terms must be part of the 
effective string action pi], E2] . 

The sectors £5 - £% parametrize terms of type ^^Tip^RDR, ipc^VDip^R , 
'tjjTt/j^R 3 and ■4)T%pR 2 'DR respectively. As we noted above, in constructing these 
sectors we do not allow terms with any contractions of the for m (fH| - |2"4| ). Note 
that a partial integration and the use of the Bianchi identity (|20|) may relate 
terms of these sectors. Therefore, in order to find a minimal set of independent 
terms for the Ansatz only those terms are taken into account which are not 
related by any of these operations. 

Similar arguments apply for the A-sectors £g - £15. There we do not write 
terms which are related to the equation of motions A fll7| ) or ^ 



7 A capital letter denotes the term in the Ansatz without the corresponding parameter 
(always given in lower case) (see Appendix A). 
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4 The Calculation 

In this section we will discuss some of the technical aspects concerning the 
calculation we have outlined in the previous section. 

In Table 1 we present a schematic form of the supersymmetry transforma- 
tions relevant for our purposes. Their precise form is given in Section 2. Note 
that due to the restrictions we have imposed we may refrain from considering 
various other contributions such as 8lo = eipH. 



# 


Transformation 


1 


Sip = V{uo)e 


2 


SH = e "0(2)5 SB — eip 


3 


5uj = £0(2) 


4 


Sip (2) = tR 


5 


Se = lip 


6 


5<j) = e\ 


7 


<J(0 -1 00) = eT>(w)X 



Table 1. The schematic form of the supersymmetry transformation rules con- 
sidered in this paper. The symbol i/j represents the gravitino, tp^) 
the gravitino curvature. 



Table 2 shows the generic structure of the variations of the action that emerge 
when applying the transformations (1) - (7) to the Ansatz. In calculating 
the variation of the Ansatz we always integrate away from the supersymmetry 
parameter e by performing a partial integration. The variation is then simplified 
by working out products of r-matrices, etc., and brought to a standard form. 
The result then has to vanish, which determines the unknown coefficients. 

In many cases however, contributions to a variation do not have to can- 
cel against each other. If a variation is proportional to one of the equations 
of motion (|15| |l9|) it can be cancelled by changing the transformation rule of 
the corresponding field with a contribution of 0(7). Consider for example a 
variation which is of the form 



SC t 



-yeO^,, 



(51) 



where O m is a field dependent object which may contain r-matrices. Since ^ M 
is the gravitino equation of motion of the action Cr, a variation S^ip^ of the 
gravitino in Cr with parameter —^eO^ will give 



SjC R = - 7 eO /J * A 



(52) 
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# 



Variation 



Identity 



Cancelled by 



(A) 
(B) 
(C) 

(D) 
(E) 
(F) 
(G) 
(H) 
(I) 
(J) 



lip (2 )R 2 VR 

eV^ (2) R 3 

e%jiR{VR) 2 

Zi)R?VDR 

eVXR 2 VR 

IVVXR? 

eXR{VR) 2 

e\R 2 VDR 

eipR 4 

eXR 4 




(54) 
(25) 

(HfTll) 



dMD 



Si(j,SX 

(I), (J), Sff>, sx 

(I) 

SX, Si> 

(J), sx 

(J) 



Table 2. The different structures in the variation of the action. The third 
column indicates identities used to rewrite various contributions. 
The last column shows how these contributions are cancelled. A 8tj) 
or a 8X entry indicates a modification of the transformation rules 
of the corresponding fermion. 



d 


(A) 


(B) 


(C) 


(D) 


(E) 


(F) 


(G) 


(H) 


(I) 


(J) 


Ci 


3 


- 


- 


- 


- 


- 


- 


- 


5 


6 


c 2 


2 


- 


- 


- 


- 


- 


- 


- 


- 


- 


c 3 


- 


- 


- 


- 


- 


- 


- 


- 


2 


- 


u 


- 


- 


- 


- 


7 


- 


- 


- 


- 


- 


c 5 


4 


- 


- 


- 


- 


- 


- 


- 


- 


- 


c e 


4 


4 


- 


- 


- 


- 


- 


- 


- 


- 


c 7 


1 


1 


- 


- 


- 


- 


- 


- 


4 


- 


Cs 


1 


- 


1 


1 


- 


- 


- 


- 


- 


- 


c 9 


- 


- 


- 


- 


- 


- 


- 


- 


- 


4 


-Cio 


- 


- 


- 


- 


1 


- 


1 


1 


- 


- 


Ai 


- 


- 


- 


- 


1 


1 


- 


- 


- 


- 


c 12 


- 


- 


- 


- 


- 


4 


- 


- 


- 


- 


£l3 


- 


- 


- 


- 


4 


- 


- 


- 


- 


- 


£l4 


- 


- 


- 


- 


- 


- 


- 


4 


- 


- 


-^15 


- 


- 


- 


- 


- 


- 


4 


- 


- 


- 



Table 3. All contributions to the variations considered in Table 2. The num- 
bers in the table correspond to the supersymmetry transformations 
given in Table 1. The £i-entries denote the different sectors of the 
Ansatz, given in the Appendix. 
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This new transformation rule of the gravitino cancels ( pT| ) in the variation of 
Cr +Aot- The new transformation applied to Aot gives a contribution propor- 
tional to 7 2 , which we need not consider in this stage of our procedure. 

If a variation of £tot can be rewritten using an identity such as (p0| ) then its 
contribution is shifted to another part of the calculation. Besides ( |20| ) one also 
has the useful relations 

T^lyPv]^ = — jF" \Rp,vab , (53) 

'D[ l i'Dv]Rabcd = Rfivla Rb]fcd- Rfivlc Rabfd\- (54) 

In some cases, using identities such as (Bl[-gJ) , a contribution can be rewritten 
in terms of equations of motion and additional terms which contribute to other 
variations. This mechanism is indicated in the third and fourth columns of Table 
2. In the fourth column we have not indicated explicitly cancellation through 
modifications to the transformation rule of the tenbein. Ricci tensors occur, 
either directly or through (pq), in all the variations (A)-(J). 

The basic tactic is then to shift as much as possible of a particular variation 
to equations of motion and/or the variations (I) and (J) of Table 2, by using the 
identities mentioned in the third column of the table. Everything which cannot 
be shifted, which is true in particular for all contributions to the variations 
(I) and (J), has to cancel and is used to fix coefficients. Table 3 indicates 
how the different sectors of the Ansatz contribute, through the supersymmetry 
transformations of Table 1, to the variations of Table 2. 

As an example consider variations of type (B), i.e. iVtp^R 3 - From Table 3 
we see that these variations are generated by the sectors Cq and £7. From £§, 
the T/>(2)F'D'!/'(2)-ff 2 -terms, we obtain (B) by varying the first gravitino curvature, 
which is the transformation numbered 4 in Table 1. From £7, the Noether terms 
VT-02-R 3 , we find this variation by varying the gravitino, and taking, after the 
partial integration away from e, the contribution containing Vip^)- This is 
transformation 1. On simplifying these variations we isolate those contributions 
which can be written as a Bianchi identity (|20|), or which take on the form (pffi - 
p4j) . This gives variations of type (I) and (J) ((J) only in the case (J23J) is used) 
and equations of motion. Note that in the variations (B) we will not encounter 
the left-hand-side of (|2l|-[22|). Such contractions between ^(2) an d T-matrices 
are absent in the Ansatz, as explained in section 3. Contributions containing 
( pirP2| ) would therefore have to come from the variation of the Cq terms, but it 
is easy to see that the products of r-matrices in these variations do not involve 
the indices of the gravitino curvature. 

Of course also the bosonic equations of motion, and the Bianchi identity 
(ID) are used in the same way. However, the use of these does not generate a 
remainder. 

An important role in the calculation is played by the two X-terms (p6[). 
If they are part of the action, the power of the dilaton in front of the action 
Iq) will have to vanish. We find that indeed the presence of the if-terms is 
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unavoidable. Interestingly, this result can be seen relatively easily, since only a 
few terms in the Ansatz interact with the K-terms. As an example, which also 
illustrates explicitly our proceduren, we will work out the contribution of the 
i^i-term. 

In the variation of K\ we only have to consider the transformation of the 
field B, fl3). The e-tensor and the T- matrix are combined to give: 

SKi = -\V2R mn ab R pqah R rs cd R tucd eT mnpqrstuv 4> v . (55) 

The only term in the Ansatz which gives rise to a similar variation is Miqq in 
(P0[). In M106 we have to vary the gravitino and the gravitino curvature. After 
a partial integration, and upon using the Bianchi-identity (H) we find 

SMioe = —R,nn a RpqabRrs C iT mnpqTS V t 1p cd 

+ jRmn a RpqabRrs Rtucd^ u Y mnpqrSV ljj v . (56) 

In the first term we extract T* from the T-matrix, using 

j^mnpqrst j^mnpqrs-pt py* [mnpqr cs] t 

Thus we obtain 

ti-mn RpqabRrs £ *■ f^V-^cd ; 

and other terms, which will never contribute to a variation with a nine-index 
T-matrix. Now we use ( |23| ) to obtain terms proportional to equations of motion, 
as well as 

+ jRmn a RpqabRrs C RtucdCF mnpqrS T V r U l/j v . (57) 



We now work out all the products of T-matrices in the second term in (56) and 
(|57|), and finally obtain the following contribution with a T^ 9 ^: 

5M W6 = -^.Rmn" RpqabRrs Rtucdt 'T mnpqr ' S UV 1pv • (58) 

The contributions ([35|) and (^8|) must cancel, since none of the other terms in 
the Ansatz produces such a variation. Therefore 

fci = iV2mi 06 . (59) 

To find out whether or not a term of type K\ is present we therefore have 
to know the value of rriioQ. This coefficient is determined by considering the 
following two variations: 

R mn ab RpqabRstcdR stcd eT mnpqr i> r , (60) 

RmnabR mna RstcdR S ° eT T 1p r . (61) 



8 Except for the fact that the algebraic manipulations in the following calculation were of 
course performed by our computer program! 
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To ( p0| ) we get contributions from M106) on working out the product of T- 
matrices in (E6T) and (p7|). We also get contributions from M30. By a calculation 
similar to the one outlined above for M106, using the equation of motion (Eq), we 
get two equal contributions from M30. We then find 77130 = 2rriio6- Finally we 
calculate the contributions to the variation (pll) . These come from the previous 
calculation of the variation of M 30 , and also from the tenbein variation in A\. 
The result is that TO30 = h&i- Thus we conclude that this calculation determines 
h: 

ki = \V2ai. (62) 

The presence of the i^i-term is therefore linked by supersymmetry to the pres- 
ence of A\. The possibility of having a\ — will be discussed in the next 
section. None of the other terms in the Ansatz contributes to ( p0|) or (|6l|). The 
feature which singles out these variations is the contraction between the index 
of the gravitino and the T-matrix. Such a contraction can only arise from the 
variation of the tenbein in the A-terms (|3|), or from terms in £7 (|90|), which 
already have such a contraction. A glance at such terms in the Ansatz shows 
that indeed only M 10 q and M 30 have the appropriate structure. 

The Ki-tevm is only invariant under the gauge transformations of the B- 
field, if the factor dependent on the dilaton in ( fig ) is absent. We expect then, 
given the presence of the K-term, that supersymmetry will fix y = 0. To see 
this we will consider variations of type (J), e\R 4 . There are three variations 
which play a determining role in fixing the value of y. These are 

-Kmnab-K n stc dn £ A , [06) 

r> ab p p nstcd - T-tmnpq \ fRA\ 

D abn D jjtucd -T^mnpqrstu \ /pr\ 

rimn ttpqab-n-rscd-K Cl ^^ A. (bOJ 

To these variations we will get contributions from Mioq and M30. These arise 
from the use of ( p3| ) in ( pq ) and in the related variation of M30. Then there are 
contributions from (|92[), in particular from Pi and P21, obtained from the varia- 
tion of the gravitino curvature "0(2)- Finally, there is of course a contribution to 
(p3J) from the variation of 4> y in front of the ^-term. The resulting equations 
for the coefficients read 

(63) -» -\yV2ax- V2m 30 + ipi = 0, 

@ -» +2V2m 30 -4\/2mio6-pi + 2p2i = 0, 

@ -» +2\/2mio6-P2i=0. 

These three equations fix p\ and JJ21, and set y = (unless ai = 0, in which 
case y remains arbitrary at this stage). 

The above calculation shows that any solution with a± 7^ will require the 
presence of K\ , and therefore the absence of an overall dilaton-dependent factor 
in front of the action. 
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The result of the above calculation should be compared with the results 
presented in (25). There the same terms that we consider above appeared in 
the Ansatz for the quartic action, and a similar calculation was done. The 
major difference is, however, that in [55J an i? 2 -action, related to the super- 
symmetrization of the Lorentz Chern-Simons terms, is present as well. Then 
the cancellation of the variation of the quartic action also involves contributions 
which arise iteratively from the quadratic and cubic action. One may check, 
that these contributions (which can be found in J25|) have the effect of setting 
fci = and y = —3. 

The above calculation is a small part of the complete calculation which de- 
termines all coefficients in the Ansatz. But the general procedure should now 
be clear. The contributions to the variations are brought to a standard form, 
in such a way that the remaining structures are all independent. Of course one 
uses the identities mentioned in Table 2 to express the variation in terms of 
independent structures. For each independent structure in the variation of the 
action one finds an equation between the coefficients in the Ansatz. In solving 
the equations, free parameters may remain. Certainly one free parameter is as- 
sociated with the normalisation of the action. Free parameters may also indicate 
that the Ansatz is overcomplete in the sense that a subset of the contributions 
to the Ansatz may be dependent. This occurs, for instance, for the seven terms 
in (p3), of which only four are independent because of the identities (Bq). Other 
free parameters indicate the presence of more than one solution to the problem 
of supersymmetrization. These aspects of our result will be discussed in the 
following section. 

Table 3 shows that the calculation splits in a natural way in two almost inde- 
pendent parts. The variations (A-D) and (I) (the ■i/'-sector) are independent of 
the dilatino A, the variations (E-H) and (J) (the A sector) do depend on A. All 
these A-dependent variations come from A-dependent terms in the Ansatz, ex- 
cept those due to the variation of the dilaton (see Table 1). The transformation 
7 in Table 2 is only applied to a single sector of the Ansatz, (|S7|), which does 
not contribute to the ^-sector. Therefore it seems that, except for the variation 
of the dilaton factor in front of the total action, there is no contact between the 
V'-sector and the A-sector. However, the use of (|2l|-p4|) provides contributions 
which move from the ^-sector to the A-sector. Therefore it is essential to first 
work out the variations in the "0-sector. 

As we shall see, the equations resulting from the ^-sector are very restrictive, 
and result in two independent solutions. The equations in the A-sector are much 
less restrictive. As we discussed above, the cancellation of the (B)-variations 
involves only the identities (|23|-24). Using these, the (B)-variation produces 



e Ai? 4 , (J)-terms. We expect the identities (^Tj) and ( p2| ) to play a role in the 
variation (A). Since ( pl| ) contains a PA-contribution, the use of ( J2l| ) in the can- 
cellation of (A) provides a link between the -0-sector and a variation containing 
T>\. In Table 3 we see that there are several contributions to (A). Since no 
contractions between a T-matrix and the gravitino curvature are present in the 
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Ansatz, only the variation of C&, the ipipR 2 T>R-ternis, can produce such a con- 
traction. Therefore, all contributions containing T>\ arising from the "0-sector 
are proportional to the parameters in £$. However, the equations arising from 
the ^-sector require, that all these parameters vanish! 

We conclude that the only link between the i/j- and A-sector is through (B) 
and (J), and through the variation of 4> v in front of the action, which also gives 
(J). Therefore we may choose a minimal option in the A-sector, which is to 
include only those A-dependent terms in the action which contribute to (J). 
As we see in Table 3, this is the sector £9, the i/J?/>(2)-R 3 -ternis. Indeed, the 
calculation shows that cancellation of all A-dcpcndcnt terms in the variation 
can be achieved by including £9 only. 

Besides this minimal option we have also considered the inclusion of the sec- 
tors £4, £10-15. The variations from these terms have to cancel against each 
other. We have found that the resulting equations are not sufficiently restric- 
tive to solve for all parameters in this part of the Ansatz. When discussing our 
results, in the next section, we will restrict ourselves to the minimal option men- 
tioned above. Of course, this does not mean that we think that the coefficients 
in £4, £10-15 are actually zero. It only means that these coefficients cannot 
be determined, in terms of a small number of free parameters, in the present 
calculation. The same remark holds for other sectors in the R -action which we 
have not considered in the construction of the Ansatz (see Section 3) . 
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5 Results 



Using the procedure discussed in the previous section, we find that supersym- 
metry requires that the bosonic terms must occur in the following combination: 

C = a 1 A 1 + (-\Qa 1 + b)A 2 + 2a 1 A 3 + {\2a 1 -2b)A i 

+(-32oi + ib)A 5 + (16ci - 2b)A 6 + (-16a a + 2b)A 7 

+b l B 1 + b 2 B 2 + b 3 B 3 + (-±6 2 -b 3 + 6V2b)B± 

+2b 2 B 5 + (bi + \b 2 + \b 3 + 3V2 b)B 6 - {b 2 - 2b 3 - 12V2 b)B 7 

+ \V2a 1 K 1 + \V2{-a l + \b)K 2 , (66) 

where b = -^\[2{b 2 + 2b 3 + 264). The coefficients 6i_4 remain free parameters 
after solving the equations. Three of these are redundant because of the three 
identities (pq), which imply that -B1-7 are not independent. We can therefore 
take arbitrary values for 61-3, without changing the action. Thus b and a% are 
the only true free parameters remaining in the action, which can therefore be 
written as a linear combination of two independent invariants. 

Expressed in terms of X, Y\, Y 2 and Z the i? 4 -contribution in ( p6[ ) reads: 

C = cX + f(ai-|6)Z+(6c-(iai + ^6))r 1 

+ (-24c+i(a 1 -i&))Y 2 . (67) 

Here the coefficient c is arbitrary and reflects the dependence of X, Y\ and Y 2 
discussed in Section 3. 

In (pq) we remark that for any nontrivial choice of a\ and b at least one of 
the iiT-terms is present. Our conclusion from Section 4, that the exponent y in 
the factor (j) v must vanish, is therefore valid for arbitrary a\ and b. Thus a\ = 
plays no special role in this respect. 

We will now discuss the two independent solutions contained in (|66|). The 
first one is associated with 6 = 0, the second with b = 8ai. The most convenient 
way to express these two solutions in terms of X, Z, Y\ and Y 2 is to take 
c = 40 (ai — g6) in (|67|). The parameter a\ is then a normalization factor, which 
we set equal to one. 

The complete action corresponding to the choice 6 = (with 61-3 = 0) is 
displayed in Appendix B (|99|). The bosonic part of this invariant reads: 

I\ = e {RabefRabefRcdghRcdgh — 16R a cefRbcef RadghRbdgh 
+2R a befRcdefRabghRcdgh + 12i? Q 6e/ RcdefRacghRbdgh 

— 32R a bef Rcdef Ragch Rbgdh 

+ 16R ae bfRcedfRagbhRcgdh ~ ^QRaebfRcedf RagchRbgdh} 

1 1_ • fc\ /ii.../iio r> p ab p ab p cd p cd 

Tg'Vit £> A«lA«2 Xt A«3A'4 lx ^5^e, • n "M7£'8 -"7*9^10 

— Ij'a/^f^ 1 "-^ 10 /? /? afc /? ac /? bd i? cd f68l 
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The i? 4 -terms in ( pq ) correspond to the combination jg(X + (6 x 7!)Z). 

Note that this solution has no terms linear in H. In pi it was found that 
in the string effective action the Riemann tensor should depend on the modified 
spin-connection 0_ (see (H)). However, when X and Z are written in terms of 
the modified spin-connection £!_, and one then expands in H, terms linear in H 
cancel. Thus the effect of torsion appears only in the terms at least quadratic 
in H, which we do not consider here. 

The complete action corresp ond ing to the choice b — 8ai (with 61 = 62 = 0, 
6j = — 48-^01) is presented in ( |l03| ). The bosonic part of this invariant is given 

by 

I2 = e {RabefRabefRcdghRcdgh — SRacef Rbcef RadghRbdgh 
+ 2R a bef Rcdef RabghRcdgh — ^Rabef Rcdef RacghRbdgh 
+96\/2H a C ( — ^RabemRghfrnDcRefgh + R a bemRghfrn'D e R c fgh)} 
1 1 ■ fn Aii •••M10 D p ab r-> ab p cd jd cd { f{Q\ 

-|-g(V^t - C, MlM2- n 'M3A'4 1X ^5^6 - rt M7A I 8 -"-ME^IO - l Ut '/' 

The i? 4 -terms in ( p9[ ) are —\Y\. The presence of K\ implies that there is no 
factor cj) v in front of Ii- 

Using pair exchange for the Riemann tensor, all i? 4 -terms in ( p9| ) can be 
rewritten in terms of 

V^Xp s R^ ab {io)R Xp ab {Lo) (70) 

and its contractions. Note that V^xp is the Lorentz-analogue of the Yang-Mills 
invariant tr F^F^p- Because the connection 51_ transforms under supersym- 
metry as a Yang-Mills gauge field (compare (O) and (p6j)), this analogy only 
holds if the spin connection in V is ft_. This suggests that the action should 
be rewritten in terms of the torsionful connection £!_. Indeed, the two terms 
linear in H in ( p9|) are precisely what is needed to introduce iJ-torsion, with 
the coefficient as in (|6|), in the i? 4 -terms. 

The fermionic contributions to both I\ and I2 can be found in Appendix 
B. One surprise (for us) in this fermionic sector is that all terms of the type 
^)T^R 2 T)R have a vanishing coefficient. Note that implicitly such terms appear 
in the action in ( |83| ) in the ^-torsion in u>, and in (p4| ) in the supercovarianti- 
zation in H. Another way of presenting our result about Cg, is to say that all 
such terms can be absorbed into ?/j 2 -torsion in lo and in supercovariantizations. 

Both the actions I\ and I 2 contain terms dependent on the field A. In 
Section 4 we discussed our procedure with respect to the A-sector. Because of 
the vanishing of £g, it is possible to include only £g in the A-sector, the so-called 
minimal option. All the coefficients pi are then determined. 

In the calculations leading to I\ and I2 we use the identities (|23|) and (p4|). 
The terms in the variation in which we encounter the left-hand-side of (E3^ and 
24|) are for Iy. 

{RabcdRajefRbkgh ~ jRabcdRabef Rjkgh} £^ cdef ghP^jk 

23 



IJ 



+ {2R a bdeRabciRfgcj + 12RacdeRafbiRbgcj} ^^defg'plpi 

+ {—8R a cbdRaebhRcfdi + ^RabcdRabceRdfhi + ^RbcadRefahRbcdi 

+ 20 RbcaeRadfhRbcdi + 2Radef RbcahRbcdi — ^RabdeRcfahRbcdi 

+ Z^RabdeRafchRbcdi — ^RabcdRabcdRejhi + 2R a b ce R a bdfRcdhi 

— RabcdRabefRcdhi + SRacbeRadbf Rcdhi} ^^efP^hi 

— ZRabdeRacf gRbhci^ 'def ghV 'jlpij 

+ \8RabceRabdf Rcdgh ~ ^RacbeRadbf Rcdgh — SRabef RacdgRbcdh 

+ SRadefRbcagRbcdh} £ T ' e j gU 'ilp 'hi 
+ {32R acbe R a dbfRcdeg — 20RabcdRabefRcdeg 

+ 20R abc dRabceRdfeg } eTfVhl^gh ■ (71) 



Using the identities (|23| ) and (24) this can be expressed as derivatives of the 
equations of motion \I> M and A of ?/v an d A, and terms proportional to tpR and 
XR, which contribute to other variations. These last terms have been taken 
into account in the calculation. The equations of motion always occur in the 
combination ^ + j^T^A. T he re quired additional variations of tp^ and of 
A, 5-fipft and S 7 X, are given in ( |100| ). Of course, the combination of the two 
equations of motion implies a relation between S^ip^ an d <5 7 A. The fact that the 
only changes in the A transformation rules occur in this particular combination 
with <5 7 ?/v is a consequence of the fact that we need only Cg in the A-sector. 
The variation of £9 never gives rise to additional A equations of motion. 

For the invariant I2 (py) the remaining fermionic equations of motion arise 
from: 

— jRcdabRefabRghjk eT ' cdefghplpjk 
i\^ti-ceab*tdfabt*'cdhi ^-^cdab-^cdab^efhi ^cdab^ef ab^cdhi 

+ / LRcdabRceabRdfhi} £^ef'P4'hi- (72) 

The corresponding modifications to the transformation rules of ip^ an( ^ ^ are 



given in ( 104 ) . The remaining variations containing bosonic equations of motion, 
which imply additional transformation rules for the bosonic fields, will not be 
presented explicitly. The new transformation rules of the bosonic fields are not 
immediately relevant for the compactification procedure. 

Let us now come back in more detail to the analogy between these in- 
actions and quartic Yang-Mills invariants. We already mentioned above that 
the Riemann tensors in the bosonic part of I2 can be expressed in terms of 
y^vXp (f70|), if we use the torsionful spin connection tt_. This requires the use of 
pair exchange for the Riemann tensor, which gives rise to additional TpTip^R 3 
Noether terms, since: 

R ab cd (u) = R cd ab {u)-\4> [c T d H a b-4> [c T [a ^ d \ ] 

+^[ a r 6] ^ cd + ^ [a r[ c ^] dl . (73) 
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The additional fermionic terms due to pair exchange give contributions to the 
action which make it possible to write I2 in terms of V and 

WV = R^ ab (io)4>ab- (74) 

W is also the Lorentz form of a Yang-Mills invariant: trF^x- 

All contributions to (|6^) can be generalized to the d = 10 Yang-Mills multi- 
plet, if we replace in the action 

V^xp -» ti- F^(A)Fx P (A) , 
W„„ -> trF lw (A) X - (75) 

where A^ and \ are the fields of the d = 10 Yang-Mills multiplet. The resulting 
quartic Yang-Mills action will then be invariant under the transformations (|26|), 
(27p, if the Yang-Mills analogue of the terms ( |72| ) allows the same treatment 
as in the case of the i? 4 -action. Writing (|7|) in terms of Yang-Mills fields we 
obtain: 

- \ tr F cd F ef e T cdefgh tr F gh Tpx 

+ (2tr F ce F df - trF cd F ef )eT ef trF cd f X 

-i tr F cdJ F cd er e/ tr F ef f X + 4 tr F cd F ce eT ef tr F d/ #>x ■ (76) 

Now, the relevant terms in the x-equation of motion which follows from the 
quadratic Yang-Mills action readR 

X = e<T 3 {#>(^ A) X + \T c T ab ^ c F ab + ±V2T ab F ab \} , (77) 

so that the identity corresponding to (p3|) is: 

p(w, A) X = e- l cf> 3 X - \Y c Y ab ^ c F ab - \V2T ab F ab X . (78) 

So indeed we can express Tpx m terms of X, and tpR and XR terms. Note that 
these last terms take on exactly the same form as the ipR and XR contributions 



in (23). This is of course essential for the invariance of the quartic Yang-Mills 
action, since after the use of the identity (|78| ) the rest of the calculation should 
proceed in the same fashion as in the i? 4 -case. 

X is the fermionic equation of motion of the F 2 -action. Therefore, the X 
contributions in ( J7q ) can only be cancelled by changing the x transformation 
rule if we include the supersymmetric i 7 ' 2 -action. In this way we obtain an 
action 

£ = i? + /3trF 2 + 7 (ti'F 2 ) 2 , (79) 



'We use here the form of the Yang-Mills-supergravity action given in [B5j. 
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and supersymmetry will require new transformation rules of x an d A p of order 
7//?. As a byproduct of our analysis of i? 4 -actions we therefore find also the 
following Yang-Mills invariant (with W^ — txF^ux)' 

£ym = £r + £f 2 

+7 e 1 2 ^MiM2-^M3A'4 ^ r -^msmb-^mtms 

xip-^/o ,Mi----Mio n f r p c 1 f r c 1 p 

+4 W7«T A tr X V x F^ - 2tr F^D^p tr X T„ Xp x 

_ 8 tr j^ A F" A tr x r M P, X - 16 H^T, tr (P A x)^ A } 
+ 7 e V2 { tr F""^ A T Ap - 8 tr F^F^ A T„ p - 4 tr F" A F„ p A r p „ 
+2trF^F Ap Ar^}W^ A " 
+±trF^F ffT AIV <TTAp W' A '' 
+Noether terms . (80) 



The complete invariant is presented in (105), the 0(7) transformation rules 



of x m (106). In the above we have not considered the bosonic equations of 



motion nor the new transformation rules of A^. We have checked that indeed 
the bosonic counterpart of (|72| ) also allows the generalization to an arbitrary 
Yang-Mills group. 

In the abelian case (p0| ) reduces to the quartic contribution to the Born- 
Infeld action |35| coupled to supergravity, and agrees in the flat limit with the 
globally supersymmetric Born-Infeld action presented in |3(| • In the Yang-Mills 
case the structure of ( p0|) differs in the flat limit from the result of |3(|] , since in 
[ p6| only the symmetric Yang-Mills trace (i.e., t" trF 4 ) is considered. 

The invariant Ii corresponds to one particular choice of the coefficients a\ 
and b in (|66|). One may wonder, whether other choices also lead to actions which 
have a Yang-Mills generalization. There are, for an arbitrary Yang-Mills group, 
eight independent trF 4 invariants. These are given by 



YMi = 


= F J F^ v,) F\ K F XpL , 


YM 2 = 


= F,jF\ J F^ K F pX L , 


YM 3 = 


p I pv.J pK p M L 


YM 4 = 


_ F L J F\ j f^ k f x p l ; 



multiplied by either tr TiTj tr T K T L , giving YM 4 (1), or tr TiTjT k T l , giving 
YMi (2). Here Tj are the Yang-Mills generators in the fundamental representa- 
tion. These eight possibilities give the following i? 4 -actions if we work them out 
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l(l) 


- Ai, 


YMi(2) - 


- A 2 , 


2(1) - 


- A 2 , 


YM 2 (2) 


- \A 4 


3(1) 


- A 2 , 


YM 3 (2) - 


■+ A>, 


4 (1) -> A 3 , 


YM 4 (2) - 


- ^ 4 . 



for the 50(9, 1) Lorentz groupQ 



4s + A 7 , 

(81) 

Note that Z ( f47| ) has the wrong combination of ^5 and A 7 to be the Lorentz- 
case of a general Yang-Mills invariant. The only way to avoid having Z in our 
solution (pq ) is to choose b = 801, which leads to /2- Thus Iym is the only 
Yang-Mills invariant which we can reconstruct from our result. This implies 
that a supersymmetric action of the type t'" tr_F 4 , which would correspond to 
the generalization of Y 2 , does not exist for arbitrary Yang-Mills groups. 



The action (80) can be generalized in the following way. We may choose a 
semi-simple gauge group of of the form G x SO(9, 1). Then we can identify the 
gauge field of 50(9, 1) with fi_, and the corresponding field strength with the 
Riemann tensor. The invariant ( |79| ) then takes on the form 

C = R + 13 ti F 2 + 1 {R 2 + trF 2 ) 2 . (82) 

Note that an i? 2 -term is not required for invariance. In the absence of quadratic 
terms invariance holds up to (uw for G x SO(9, 1). For the contributions con- 
taining Tpx-, where \ is the partner of the G-gauge field, we use (|78|). This 
requires the presence of the standard i 7 ' 2 -action. For the contributions contain- 
ing Ipipab we use (p3[), which contains an equation of motion of the i?-action. 
Therefore no i? 2 -action is needed to cancel these particular variations. 



•'In this calculation we use pair exchange and the cyclic identity for the Riemann tensor. 
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6 Discussion 

In this paper, we have found that two supersymmctric invariants of the type 
R + 7-R 4 exist. As a by-product, we have also obtained the leading terms of a 
locally supersymmetric ti F 2 + j( trF 2 ) 2 -invariant. 

Let us now compare our results to the effective action obtained by other 
methods. The tree-level string amplitude contributions to £ e ff contain the action 
Cr, (|l4|), with the Yang-Mills contribution Lp2. The field strength H of the 
antisymmetric tensor gauge field B^ LV is modified with Yang- Mills and Lorentz 
Chern-Simons terms. As discussed in Section 2, supersymmetry requires the 
presence of Cr? terms, and quartic contributions of the form (R 2 + tr F 2 ) 2 . In 
these quadratic and quartic actions the Riemann tensor depends on f2_, and the 
couplings to the dilaton are limited to the same overall factor <f)~ 3 which is also 
present in Cr. As we discussed in Section 4, this action does not contain a term 
Ki (|49|), so that the overall factor cf>~ 3 does not interfere with the I? M „-gauge 
transformations. The result of supersymmctrizing the Lorentz Chern-Simons 
terms |2J| agrees (up to field redefinitions) with the determination of the bosonic 
part by a string amplitude calculation [jl3| . 

In jl3| a different basis is used for the independent fields. The dilaton is 
denoted by the field D, with the correspondence (f> — exp(|\/2-D), <j> being our 
scalar field. The tenbein in p3] differs by a factor </> -3 / 8 from our tenbein. With 
this rescaling, we find indeed that the modified Riemann tensor R in ||l3f , which 
contains e D H and WD contributions, becomes equal to Rfj,v ab (£l-). 

Among the tree level terms obtained in 113] is also the contribution £(3)A, 
with X given in (p7[). After the rescaling mentioned above, this term also 
obtains the overall factor -3 . Therefore we must conclude from our analysis, 
that this term does not have a supersymmetric completion. As we have seen, 
the supersymmetrization of X requires the presence of both K\ and K2 ( [49| , 
EG), which because of i3-gauge invariance conflicts with the presence of the 
^ _3 -factoifj. Therefore we still do not understand the properties of (,{S)X in 
relation to supersymmetry in ten dimensions. 

At the one-loop level string amplitudes reveal again the presence of the X- 
term, as well as further (R 2 + trF 2 ) 2 -terms |Tm, [O]. However, the one-loop 
contributions to C c e have no overall dilaton factor. One also finds a contribution 
proportional to trF 4 . For Eg x Eg this term can be rewritten in the form 
(trF 2 ) 2 , but this is not possible for 5*0(32). 

Comparing now to our results in Section 5, we see that we can indeed su- 
persymmetrize the one-loop contributions to the effective action, except for 
trF 4 , which remains a problem in case the gauge group is 5*0(32). In Sec- 

llr The terms rf/~ 3 Ki are gauge invariant under modified B-gauge transformations: SB^v = 
2(c9r M A„i +3(<ji> _1 c9r M </>) A„i). However, the conflict is now shifted to the independence in Cr. 
The field strength H has to be modified to be invariant under the new -B-gauge transfor- 
mations. This breaks the supersymmetry of Cr. These modified gauge transformations are 
discussed in [ 
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tion 5 we showed that the supersymmetrization of (R 2 + tr F 2 ) 2 requires an 
-F 2 -contribution to the action, but no i? 2 -terms. This implies that the R 2 - 
contributions to the effective action are completely determined by the super- 
symmetrization of the Lorentz Chern-Simons terms, or, in string amplitude 
terminology, by the tree-level contributions. 

The counterterms required for the cancellation of anomalies for the gauge 
group E s x E s are, schematically, || 

Counter ~ c Ml "^B^ M2 { tr R 4 + I ( tr R 2 ) 2 + (tri? 2 )(trF 2 ) + ( tr F 2 ) 2 } W ... M10 

All these counterterms can be seen as part of the supersymmetric actions pre- 
sented in Section 5. Note in particular, that we also obtain the relative coefficient 
j between the two i? 4 -terms. Thus we find that these counterterms are indeed 
linked by supersymmetry to the known bosonic one-loop contributions to the 
quartic effective string action. The other counterterms presented in Q, which 
contain products of Chern-Simons forms, belong in our terminology to actions 
R n with n > 4. 

In a recent paper by Duff and Lu [Q it was argued that the coupling of the 
heterotic five-brane J39| cr-model to background supergravity fields implies the 
existence of quartic terms in the Riemann tensor and Yang-Mills field strength. 
However, these are obtained in the version of N = 1, d — 10 supergravity with 
a six-index antisymmetric gauge field, which is related to our B^ u by a duality 
transformation. Let us therefore consider the effect of a duality transformation 
on the quartic action we obtain in this paper. 

For this duality transformation we focus again on the B ARARARAR terms 
. They are related to Chern-Simons forms. The usual Lorentz Chern-Simons 
term U3 appears as a modification to the field strength H of the gauge field B, 
schematically, this reads: H ~ dB + tr (u> A duj + co A u> A w), along with the 
Yang-Mills Chern-Simons term []3|. In the dual version of d = 10 supergravity 
with a six-index gauge field Chern-Simons terms are absent, but are replaced 
by an interaction term of the form A(q\ A R A R in the action. 

By a similar duality transformation, the terms BARARARAR will give 
rise to the Chern-Simons forms u>i, 

iJ( 7 ) — <9j4( 6 ) + tr (u> A duj A dto A dw) + ... , 

in the seven-index field strength of At 6 \ in the six- index version of d = 10 
supergravity. Such terms are indeed required in the anomaly cancellations in 
the six-index version J10| . 

In this paper we have supersymmetrized the one-loop, quartic terms which 
appear in the bosonic string effective action. We do not find a supersymmetric 
completion for the £(3)0~ 3 Y-term, which is part of the tree-level effective ac- 
tion. This failure may be due to the fact that we limited ourselves to the use 
of the physical fields of d — 10, N — 1 supergravity. Failure of the Noether 
method may of course indicate the necessity of introducing additional fields. 
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These could correspond to massive fields, perhaps related to auxiliary fields of 
the d = 10, N = 1 supergravity multiplct, which become propagating fields in 
the higher derivative actions we have considered. 
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A Appendix A 

This Appendix is devoted to the presentation of the various sectors we con- 
structed for the Ansatz. We write the Ansatz as the sum (Eel): 

£ to t = 7 ec/) y ^ ^ ■ 

i 

The first purely bosonic sector is formed by seven terms of the form R 4 
and therefore contains all possible independent contractions of four Riemann 
tensors: 

£-1 = +aiRabcdRabcdRefghRefgh + ^RabcdRabceRdfghRefgh 
+a?,Ra,bcdRabejRcdghRefgh + a^RabceRabdf RcdghRef gh 
+a^,R a bceRabdgRcfdhRefgh + a^RacbdRaebgRcfdhRefgh 
+0>7RacbeRadbgRcfdhRefgh ■ (83) 

The second sector in our Ansatz consists of seven terms of type HR 2 VR. 
Its explicit form is: 

£■2 = +blH ae fR a dbcRghbcDdR e fgh — ^HaefRabcgRbdchD dRej gh 
+ i>zH a bdRabceRghcf'DdRefgh + b^H a beR a bcdRghcfT^dRcf gh 
+ b5H a b e R a dcgRbfch'DdRefgh + b^HabcRabefRcdgh^dRefgh 
+ i>TH a b e RadcfRbcghDdRefgh ■ (84) 

It is important to realize that the seven terms in this sector are overcomplete. 
This is due to the fact that the Bianchi identity for the ff-field implies the 
following relations among the different terms: 

= D[ a H bc d]Rabef RcdghRef gh = B\ + Bq , 

= D[ a H bc d]RabefRceghRdfgh = jBi — 7>i?3 + 2^4 + B 7 . 

= D[ a H bc d]RabefRcgehRdgfh = 2^2 - jB 3 + B 5 . (85) 

The latter results are obtained by performing a partial integration. Note that 
these identities are valid modulo terms of the form ipTip(2)R 3 - This is related 
to the fact that the Bianchi-idcntity of the H-iie\d involves a supercovariant 



derivative. The equations (85) imply that three of the coefficients bi can be 
chosen arbitrarily. 



4. 



The third purely bosonic sector consists of two terms of type BR 

*-*3 — -\-Kl%B tabcdefijkl^abftcdghti-efghftijmnttklmn 

+k2ie tabcdefhiklBabRcdgjRefgmRhijnRklmn ■ (86) 
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There are four terms of the structure (cj) d<j>)R VR: 

£■4 = +4> 9 a 4> {ciRbcdeRfgde'DaRbcfg + ^RbcdeRcfegT^aRbfdg 

— CzRabcdRdefg'DbRcefg ~ C4,R a bcdRdefgT^cRbefg) ■ (87) 

This completes the list of the purely bosonic sectors. 
We considered 17 terms of the type ip(2)Tip/2\RT>R: 

£5 = +{dlRbcae'D a Rbcdf + d2Rbcad'D a Rbcef + dsRabcd'DeRabcfjlpdgFelpfg 

+{d 5 R cda bT> e Rf gab + dQR ceab T> d Rfg ab + d-jR c j a bD d R egah 

+dsRacbf'D e Radbg + dgR ac bfT>dRaebg 

+dloRaebf'DdRacbg} IpcdTetpfg 
+d2lRbcaf'DaRbcde i'gh^deftpgh 

+ {d22RdeabD c Rfgab + d2zRdgabD c R e f a b + d 2 4Racbd'D '/ Raebg} Ipch^ 'deflpgh 
+ {—d25Refac'D a Rbdgh — d2(jRghaf'DaRbcde — ^27 RchafD 'aRbgde 

— d2sRefacDbRadgh + d 2 9R c f a h'DbR a gde} ^Pbc^deflpgh ■ (88) 

Next, there are six terms with the structure ip^TDip^R 2 : 

£■6 = +flRadbcRaebc "^fg^dPe^fg + jlRacbdRaebj ^cg^d'Dei'fg 
+ J?,RbcadRfgae "^bc^dVe^fg + JiRbcafRdeag Ipbc^ 'dVe^fg 

— fbRcdafRegab Ipbh^cde'^f'^gh + feRcdabRefgh ^ ab^ cdeD fP gh ■ (89) 

For the Noether sector, the terms of type 'tpTtp^R 3 , we constructed 92 inde- 
pendent terms: 

£■7 = +{rHlRafbgRacdeRbcde + ^RafbcRagdeRbcde 
+m 3 RbfadRcgaeRbcde} Iph^ f^gh 

+ {m,4R e f ghRabcdRabcd + fU^Re) -agRbhcdRabcd + 1TleR e g a f RbhcdRabcd 

+m7R g haeRbfcdRabcd + m^RghafRbecdRabcd + fngR e f a bRghcdRabcd 
+m W R ega bRfhcdRabcd + ITlllRefabRagcdRbhcd + m^RegabRafcdRbhcd 
+mi 3 Rf ga bRaecdRbhcd + ITlliRghabRaecdRbfcd + mibRe f acRbgadRbhcd 
+mi 6 R egac RbfadRbhcd + mnRfgacRbeadRbhcd + fUlgRghacRbeadRbfcd 
+m W R aecg RbfdhRabcd + m20 RaecgRbfadRbhcd + m2lRafcgRbeadRbhcd 
+ITI22 Raebg RafcdRbhcd + TT^2zRafbgRaecdRbhcd\ ^e^ f^gh 

+ {m3oRefhiRabcdRabcd + ITlZlRefahRbicdRabcd + ITl^RhiaeRbfcdRabcd 

+m 3 4R e f a bRhicdRabcd + m^RehabR f icdRabcd + W37 R e fabRahcdRbicd 
+m3sRehabRafcdRbicd + TTi^RhiabRaecdRbfcd + TTL^RefacRbhadRbicd 
+m^R e hacRbfadRbicd + fn^RhiacRbeadRbf cd + fn^jRaechRbf diRabcd 
+m4sR a echRbfadRbicd + TTi^RaebhRficdRabcd^^g^efg^hi 
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+ {m33RefahRbgcdRabcd + m?,&RefabRghcdRabcd + 1Tl4oR e fabRagcdRbhcd 
+m i iR e habRafcdRbgcd + fn4 5 R e f ac RbgadRbhcd 
+m4 & R e i lac RbfadRbgcd} ^i^efgtphi 

+ {m50lRdhef RagbcRaibc + m50 2 R e fhiRadbcRagbc + m*,\Ref adRhibcRagbc 

+m 5 2R e fadRghbcRaibc + m^RefahRdgbcRaibc + TTl^Ref ahRgibcRadbc 
+m 5 r ) R e f ah R dibc R agbc + m^RdeahRfgbcRaibc ~ fn^RdeahRfibcRagbc 
+ m 58RehadRfgbcRaibc ~ m 59RehadRfibcRagbc + m wRhiaeRdfbcRagbc 
+1TlQiRi l iaeRfgbcRadbc + m 62RhiadRefbcRagbc + m 63RefbdRagchRaibc 
+1Tl( i 4R e fbhRadcgRaibc + m^R e fbhRagciRadbc + ITlmRefbhRadciRagbc 
+m§-jRdebhRaicf Ragbc + m^RehbdRaicfRagbc + lTlQ$RhibeRadcfRagbc 

— mioRdeabRfgacRhibc " m-llRdhabRefacRgibc — 'm^RefabRhiacRbdcg 
~m7 3 R e f la bRfiacRbdcg — fTlV^Ref abRghacRbdci ~ 'm'jzRefabRdhacRbgci 

— mi 6 RdeabRfhacRbgci + ?™77 Re f abRcdahRbgci + lTl7g,RehabRcdafRbgci 
+mwR a dbeRcfahRbgci} "4>dF efg"4>hi 

+ {m9oRdeaiRfgb C Rahbc — ITlgiRdeabRf gacRbhci} tpj^defgh^ij 

+ {mg2RdeaiRfgbcRajbc + ITlyiRijadRefbcRagbc + ITlSiRdeaiRf jbcRagbc 

+1Tl9 5 RdebiRafcjRagbc — m^RdeabRfiacRbgc^^h^defgh^ij 
+ {m$-jRdeciRf gabRhjab + m^R c dijR e fabRghab + ™981 Rdeij Re fabRghab 

+mggRdeaiRfgbj Rehab + m 10()RdeacRijbf Rghab + TTT-lOlRdiacRefbj Rghab 

+mi02RcdaiRefbj Rghab + rn,W3,RdeacRf gbiRhjab 

+m W 4RdeacRfgbiRahbj}'^c^defgh'4 ) ij 
+ {mi05RcdajRefbkRghab + mi06RcdjkRefabRghab} Ipi^ 'cdefghi^jk ■ (90) 

Finally, in the cancellation mechanism we also included: 

£ 8 : Terms of type 4>Y {l) ^R 2 VR 

and ^T {5) ^R 2 VR. (91) 

Altogether there are 70 terms of this type. In our solutions we hnd that all 
these terms have to vanish. We will therefore not write them explicitly. 

In principle there are 19 additional sectors to be included in the Ansatz. 
Roughly speaking, these have fewer fields and more derivatives. These sectors 
consist of the following structures: 

(W)RV 3 R; (^)VRV 2 R; (^ {2) )RV 2 R; {^ (2) )(VR) 2 ; 

(W)V 5 R; {^ m )V A R- (^ (2) V>( 2) )P 3 i?; ^ (2) V^ (2) )V 2 R- 

{V4, (2) Vij; {2) )VR- {4> {2) V 2 iP (2) )VR- (V4> {2) V 2 iP (2) )R- {4, {2) V^ (2) )R- 

$Thf> m )KDR; ($V 2 i, {2) )R 2 ; (i,V^ (2) )V 3 R; $V 2 ^ {2) )V 2 R- 

{4>V Z ^ {2) )VR] (tPiP (2) )V 4 R; HVRV 2 R. 
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They participate in the cancellation mechanism through the use of the rela- 
tion (p4) . We have constructed all possible terms of this type (for a few of the 
above structures there are actually no contributions) , and found that the equa- 
tions require that the corresponding coefficients vanish. Therefore these terms 
have no effect on our solutions, and we refrain from presenting their explicit 
parametrisation. 

This completes the discussion of all sectors of the Ansatz which contain the 
gravitino field and the gravitino curvature. 

There are six sectors which contain the dilatino field A. We constructed 21 
independent terms of the structure XTip^R 3 '- 

£9 = +{piRefghRabcdRabcd+ P2RefagRbhcdRabcd + P3RghaeRbfcdRabcd 

+PiRefabRghcdRabcd + P5RegabRfhcdRabcd + P&RefabRagcdRbhcd 
+P7RegabRafcdRbhcd + P&RghabRaecdRbfcd + PsRefacRbgadRbhcd 
+PwRegacRbfadRbhcd + PllRghacRbeadRbfcd + PYlRaecgRbf dhRabcd 
+Pl3RaecgRbfadRbhcd + PuRaebgRafcdRbhcd} XT e flfj g h 

+ {pi5RdeahRfgb C Raibc + PieRhiadRefbcRagbc + PnRdeahRfibcRagbc 
+Pl8,RdebhRafciRagbc ~ PwRdeabRfhacRbgci] ^^defg^hi 

+ {P2oRcdaiRefbjRghab + P2lRcdijR e f abRghab} A ^cdefghlpij ■ (92) 

Besides the sector £9 there are the following A-dependent contributions: 

£10 ~ ip\R 2 VR, (93) 

£11 - $V\R 3 , (94) 

£12 ~ $ (2) V 2 \R 2 , (95) 

£13 ~ $ {i )DXKDR, (96) 

£14 ~ i> (2) \RV 2 R, (97) 

£15 ~ i)(2)XDRDR, (98) 

As we explained in Section 4, these additional sectors may be included, but are 
not actually required to achieve the cancellation of the variations we econsider. 
Since we we choose in Section 5 for the minimal option of including only (J92|) 
in the presentation our results, we shall not give the parametrization of £10-15 
explicitly For the same reason, we do not display A-dependent terms containing 
more derivatives, which might participate through the use of (p3|). 
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B Appendix B 

This Appendix is devoted to the presentation of the two solutions we have found. 
If we choose in (p6|) 6 = 0, &i = b 2 = 63 = and ai = 1 we obtain: 



e h = + RabcdRabcdRef ghRef gh — ^QRabcdRabceRdf ghRef g h 
+ 2RabcdRabefRcdghRefgh + ^RabceRabdfRcdghRefgh 

— 32R a bceRabdgRcfdhRefgh + ^GRacbdRaebgRcfdhRefgh 

— 16RacbeRadbgRcfdhRefgh 

TgV^fi ^abcdefijkl-^ab-^cdgh-^efgh-^-ijmn-^klmn 
2 V ^ ^abcdefhikl-^ab-^-cdgj-'^efgm-^hijji-^klmn 

+ {8Rbcad'DaRbcef ~ 8R a bcdPeRabcf} ^dg^e^fg 
+{—4H cea bDdRf g ab — SRcfabDdRegab + IQRacbfT^dRaebg 

-lQRaebfT>dRacbg} 4>cd~T e 1pfg 
+4:Rdeab'DcRfgab ^chXdef^gh 
+ {8RefacD a Rbdgh + ^Rchaf'DaRbgde ~ ^Refac^bRadgh} ^bc^defPgh 

+ l6RacbdRaebf tpcg^ 'dPe^Pfg + 32Rb ca fRdeag tpbc^dPetpfg 
+ 8RcdafRegab i>bhX ' cde'P 'f4> gh 

+ {—20R a fbgRacdeRbcde + 20R a fbcRa g deRbcde 

— 32RbfadRcgaeRbcde} fph^ f^gh 

+ {—RefghRabcdRabcd + 8R e f ag RbhcdRabcd + ^RghaeRbfcdRabcd 

— ^RghafRbecdRabcd ~ 2R e f a bRghcdRabcd + 2R ega bRfhcdRabcd 
+4:R e f a bR a gcdRbhcd ~ 28R ega bRafcdRbhcd + 20Rf ga bRaecdRbhcd 
+ 8R g habRaecdRbfcd + 24R e f ac Rb ga dRbhcd + ^8R egac RbfadRbhcd 
+ 16RfgacRbeadRbhcd ~ ^6R g ha C RbeadRbfcd ~ 2AR aecg RbfdhRabcd 
+ 8R a ec g RbfadRbhcd + 16R a ebgRaf cdRbhcd 

— 4R a fbgRaecdRbhcd} i'e^f'4'gh 

+ {2RefhiRabcdRabcd ~ ^RefahRbicdRabcd ~ ^RhiaeRbfcdRabcd 

+RefabRhicdRabcd ~ 2R e f a bR a hcdRbicd + 20R e habR a fcdRbicd 

— 2R hia bR a ecdRbfcd ~ ^RehacRbfadRbicd ~ &Rhia C RbeadRbfcd 
+ 8RaechRbfdiRabcd ~ 8R a ech,RbfadRbicd} ^g^efgtphi 

+ {—8R e fabRagcdRbhcd ~ 8R e habRaf cdRbgcd + 8R e f ac RbgadRbhcd 
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+4:RehacRbfadRbgcd} Ipi^efglphi 
i \ Qtidhefft-agbciiaibc ^^efhi^adbc^agbc ^^efad^hibc^agbc 
-\-£tx e j ah^dibc^agbc ^^Lehad^Lf gbc+iaibc ^^hiae^f gbc^adbc 
+ 8R e fbdRagchRaibc ~ ^RefbhRadcgRaibc + SRefbhRagciRadbc 
+4:R e fbhRadciRagbc + 16RdebhR a icfRagbc + ^GRehbdRaicfRagbc 
]0-tl}iib e rL a (icfftagbc ^^deab^f gac^hibc ^^dhab^efac^gibc 

^^efab^hiac^bdcg ' ^^ehab^fiac^bdcg ^-^^efab^ghac^bdci 
-j-Qltef ab^dhac^bgci ^^deab^fhac^bgci ' ^^ehab^cdaf ^bgci 

— 8R a dbeRcfahRbgci} 1pdT e fg4>hi 
+ 2RdeabRfgacRbhci ^j^defgh^ij 

+ {2RdeaiRfgbcRajbc — ^2Rd e abRfiacRbgcj} ^hX defgh^ij 
i \ ^FldeciFLf gab^Lhjab 2 -^cdij ^tefab ^ghab ~r ^J^deac^ijbf ^ghab 
^^diac^efbj ftghab 1 ^txdeac^j ' gbi^hjab 

— 2RdeacRfgbiRahbj} ^c^ def gh^ij 

+ { — RcdajRefbkRghab + jR c djkRefabRghab}'4>i^'cdefghi4'jk 



-V 2 {RefghRabcdRabcd ~ SRefagRbhcdRabcd ~ SRghaeRbfcdRabcd 

+ 2R e fabRghcdRabcd ~ ^RefabRagcdRbhcd + ^RegabRafcdRbhcd 

— 4:RghabRaecdRbfcd ~ 32R egac Rbf a dRbhcd + ^RghacRbeadRbfcd 
+ 16R a ecgRbfdhRabcd ~ ^RaecgRbfadRbhcd 

— 32R ae bgR a f c dRbhcd} ^^eflpgh 

+ {—4:RdeahRfgbcRaibc — 24:RdeabRfhacRbgci}^^defgfphi 



\ ^Hcdai*iefbj ttghab 1 2 ^cdij ^-efab ^ghabf -^ ^ cdefghWij 



(99) 



The modifications to the fermionic transformation rules follow from (71). The 
result is: 



S-ytpfM = DbifiORbcdeRficfgRdefg — 20Rb cl j,dRcefgRdefg 
— 32RbdcfRnecgRdefg) e} 
+Db {(2Rfj,bcdRefcdRefgh + ^RfiecdRbfcdRefgh — ^GRcefj,dRbcdfRefgh 

+ 24R^ c d e RbcdfRefgh ~ 2'iR^bcfRcdegRdefh ~ ^R^bcdRcefgRdefh 
SR^fcdRbcegRdefh + &RcfdeR/j.bcgRdefh — ^ORbdcfRce^gRdefh 



+ 2ARbf c dRcengRdefh ~ SRbfcdRficegRdefh 



'^RbcdeRcfdeR^fgh 



16iL 



<-ficeg 
fRbr.daR. 



cedf^bcdg^-fiefh) *- gh 



T ght} 



-Dc{(—16R l j,dbfRbecgRdefh ~ ^R^bdeRbfcgRdefhj^ght] 
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+4D e {RtibcdRbfcdRefgliFghe} + Df {RbcdeRbcdeR^f ghX ght} 
+-^3 {{ — 'Z&RufbcRbcdeRdefh + 32R[ibcdRbecf Rdefh 

— ZORbecdRbfcdRfiefh) T ' gh^\ 
+Db {( — ZRficdeRbcfgRdehi + 2Rbd)icRcefgRdehi 

+ 2Rb c deR f j,cfgRdehi + ^RbcdfRce/MgRdehi) FfghiC} 
+Dc{{ — 8R l j,bdfRbecgRdehi + ^R^dbf RbecgRdehi) Ffghit} 
+Df {(SR^cbdRbecgRdehi + ^RfidbcRbcegRdehi 

i^^bcfig^bdeh^cdei ^^be^ig^cdbh^cdei) *- fghi^f 
+Db {(^R^bef RcdghRcdij — 2Rbcef R^dghRcdij) ^efghij^} 
— 2D e {Rfj,bcfRbdghRcdij^efghij£} 

<5 7 A = -i\Z2F'(5 7 V^. (100) 

Note that S^ip contains R 3 "De-terms. The appearance of new supersymmetry 
transformations containing T>e can easily be avoided. The contributions of the 
equation of motion \I> in ( |7l| ) are, schematically, R 3 eV^, or, after a partial 
integration: 

- (DR 3 )e$ - R 3 (Ve)V . (101) 

The first term must be cancelled by changing the transformation rule of the 
gravitino. The second term can also be cancelled by adding to the action: 

R 3 ^^. (102) 

Of course the new term has to varied. The variation of ip gives T>e and cancels 



the second term in (101) (this time we do not perform the partial integration 
away from e!). The variation of \I/ gives a combination of bosonic equations of 
motion, and this can be cancelled by changing the bosonic transformation rules. 
If this procedure is followed, the new fermionic transformation rules are as in 



( |100D , but without the Pe-terms. 



The second solution is obtained by taking in (pq) a% — 1, 6 = 8, &i = 62 = 

0, 63 = -48%/2: 

e h = +RabcdRabcdRef ghRef gh ~ SRabcdRabceRdfghRefgh 
+ 2RabcdRabefRcdghRefgh ~ ^RabceRabdfRcdghRefgh 

— 48 V 2 HabdRabceRghcf'DdRefgh + 96v 2 H a b e RabcdRghcf'DdRef gh 

Tg V ^6 ^■abcdefijkl^ab^'cdgh^efgh^'ijran^klm.n 
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-iRcdab'DeRfgab'4'cd^e'^fg — ZRbcaf'D 'aRbcde Ipgh^ 'defPgh 
-^Rghaf'DaRbcde ^Pbc^def4>gh 

SRadbcRaebc ?P f g^ dP 'e4> f g ~ ^RbcadRfgae V^T ' dX> 'e?P f g 

-{ — RefghRabcdRabcd + ^RegafRbhcdRabcd + ^RghaeRbf cdRabcd 
~4:RghafRbecdRabcd ~ ^RefabRghcdRabcd + ^RefabRagcdRbhcd 
+ 8RegabRafcdRbhcd + &RfgabRaecdRbhcd 
+ 8R g habRaecdRbfcd} 4>e^ f4>gh 

-{^RefhiRabcdRabcd — ^RhiaeRbfcdRabcd + RefabRhicdRabcd 

— 2RhiabRaecdRbfcd} fpg^efg4>hi 

\ ^^efhi^adbc^agbc ^^Xhiae^Xj gbc^adbc 

— iRhiadRefbcRagbc} ^d^efg^hi 

~\ 2 cdij^Lefab^ghab ^deij -^cfab^ghab J yc*- defghyij 
~ ~^^cdjh^ef ab^ghab Yi*- cdef ghityjk 



+V2 



{RefghRabcdRabcd ~ 8R g haeRbfcdRabcd + ^RefabRghcdRabcd 
— ^RghabRaecdRbfcd] A T e flp gh 



(103) 



\^cdij ^efab^ghab ^ *- cdef ghyij 



The modifications to the transformation rules can be calculated from ([72|). We 
find: 

&yVV = DbiCZRfibcdRcdefRefghFgh — 4R[ibcfRdecgRdefh)r g he} 

— 8D e {RbcdfRbcdgRfiefhXgh^} + Df {RbcdeRbcdeR^f gh^ gh^} 
+ 2-D& {RfibefRcdghRcdij^efghij^} 



S~,\ — 



■WSr"^. 



(104) 



The solution I 2 has a Yang-Mills analogon. The proper way to derive this 
Yang-Mills solution from 7 2 consists in two steps. First, by using pair exchange 
(O), the i? 4 -terms must be written in such a way that the contraction over 
Lorentz indices corresponds to the Yang-Mills trace. Second, the spin connection 
must be written with iJ-torsion. These steps do not require the use of the 
identities (|S5|). We use the notation W u 



, ^ — tri^„x- The result is: 



e 1 Iym 



1 bl ± M1M2- 1 - M3M4 ul ± M5M6 1 P7MS 
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+ iA/9p~ 1 fW--W"R fr P P f r P P 

+4 T4^"T A tr x Z>aF m „ - 2 tr F^V^F** tr * r„ ApX 
^W^T^trx^F^ 



-8 tr F^ A F^ A tr % T^vX - 16 ff""r„ tr {V x X )F t 



ft X 



+{-tr F^F^Tp - 12tr F^F^ p T v + 12 tr F» v F^ U T p 

-2 tr F^F Xp ^T v + 12 tr F^ A F%^r„} W A " 
+{±tr F^F^T"^ - 4trF^F MA ^ CT r% p + trF^F Ap ^ CT rV 

-2 tr F^F^r V - 4 tr F^F/ ^r ffAp + 4 tr F^F^I^ 

+4trF^F CT A ^ p r^ CT }T^ A " 
+{-itrF^F CTT ^ A r^ CTTp - trF^F^r^^} ^ A " 
+ \tYF^F^^^ aTXp W xp 



+V2 



{ tr F^F^ A T Ap - 8 tr i""^ A T vp - 4 tr F^ A F„ p A I> 
+2trF^F Ap Ar p Jiy A ' > 



■itrF^F^AT 



fivarXp 



W Xp 



(105) 



The additional supersymmetry transformation rules of \ follow from (|76|) , and 
read: 



fifX — —J^cdef a h<^F gh tvF cd F e f 

+T ef e F cd (2 tr F ce F df - tr F cd F ef ) 

— ■^T e fe F e f tr F cd F cd + 4r e /e F d f tr F cd F ce . 



(106) 



:-!<) 
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